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Some Remarks on the Permutation Property for Semigroups 
JACQUES JUSTIN AND GIUSEPPE PIRILLO 
The 'permutation property', P, for semigroups has recently been introduced and studied by 
several authors. Here we also consider a similar but weaker property, p., and we study 
conditions under which these properties are preserved under constructions such as union and 
inverse morphism. 
INTRODUCTION 
We begin with the following definition. 
DEFINmON. Let S be a semigroup and n be an integer (n > 1). We say that S has 
the property Pn if for any Xl> X2,"" Xn in S there exists a permutation a of 
{I, 2, ... ,n}, a 01= id, such that 
(1) 
We say that S has the property P (the 'permutation property') if S has Pn for some n. In 
the same way, we say that S has the property P: if for any Xl> X2' ••• ,Xn in S, there 
exist distinct permutations a, 1; such that 
XU(1)Xu(2) ••• xu(n) = X"'(1)XT(2) ••• xT(n) 
and we say that S has the property P* if it has P: for some n. 
(2) 
The property P was introduced in [9] and a complete characterization of the groups 
with this property was given in [3]. 
Surprisingly, properties P and P* coincide for groups (see [1]); however, there are 
semigroups having P* but not P (see [5], [6] and (7]). Moreover, no characterization 
for semigroups having P or P* is known. 
In this situation, it seems interesting to study conditions under which properties P 
and P* are preserved. 
A condition of this type is presented in [5]; further conditions of this type will be 
given in the present paper. 
The techniques we use are combinatorial in nature; for instance, we use the Ramsey 
theorem to show that a semigroup is permutable if it is a finite union of permutable 
semigroups. 
The results of [5], as well as those of this paper, were announced in a communication 
at the Colloquium on Semigroup Theory held in Szeged, August 1987. 
RESULTS AND PROOFS 
In what follows we will denote by P the set of positive integers, and by A + the free 
semigroup generated by the set A. 
Trivially, an infinite non-cyclic free semigroup does not have P*. As examples 
of semigroups which do not have P* and do not contain infinite (non-cyclic) free 
semigroups, we mention all the finitely generated infinite periodic groups: this is a 
consequence of [3] and [1]. A more simple example is the semigroup D generated by a 
and b subject to the relations 
a2 = a and Vi, j E P, abiabja = abjabia. 
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It is indeed a simple matter to see that if we choose Xi = b 2i+1ab2i+l for i = 1, 2, ... , n 
then (2) cannot hold for a*" 'r. It is worth mentioning that this semigroup has been 
introduced in [2] as the first example of a semigroup the growth function of which lies 
strictly between polynomial and exponential growth. 
In [5] we mentioned an example (see [7]) of a finitely generated semigroup having 
P* but not P, and we proved that the bicyclic semigroup B has P; but does not have P. 
Even if it is an open question, it is very likely that B has P:. This fact could probably 
be proved by a cumbersome case-by-case examination. We have undertaken, using 
a microcomputer, thousands of random trials supporting this conjecture. 
In [5] we also proved the following proposition: 
PRoPosmoN O. Let Sand D be semigroups, with D finite, and let a be a morphism 
from S into D. Iffor every idempotent e of a(S), a-lee) has the property P (resp. P*), 
then S has P (resp. P*). 
Let us now prove the following propositions. 
PROPosmoN 1. Let S be a semigroup such that S = E U F, where E is a subsemi-
group and F a finite subset. If E has the property P (resp. P*), then S has the property P 
(resp. P*). 
PROOF. Suppose that E has Pk • We claim that S has Pn , where n = k(Card F + 1). 
Let Xi> 1 ~ i ~ n be elements of S. Consider the (Card F + 1) k-tuples 
r = 0, 1, ... , Card F. 
If in each of them there is an element of F, two of these elements are equal, say 
Xi = Xj' Thus (1) holds, with a being the permutation which transposes i and j. 
If this is not the case, then one of the k-tuples consists of k elements of E. Then, as 
E has Pk , (1) holds for some a. Thus S has Pn • 
The proof for P* is similar. D 
REMARK. Indeed, Proposition 1 is also an easy corollary of Proposition 2, but the 
direct proof, above, gives a better upper bound for the value of n for which S has Pn • 
PROPosmON 2. Let S be a semigroup which is the set-theoretic union of its 
subsemigroups Sl, Sz, . .. , Sk (k E ifD). If the S;'s all have P (resp. P*) then S has P 
(resp. P*). 
PROOF. Suppose that each S; has P. Then there exists hE ifD such that each S; has Ph' 
Let a: S+ ~ {1, 2, ... , k} be the map which associates with each word SlS2 ... Sn (the 
s;'s in S) the least integer q such that SlS2 ... Sn E Sq. The image of a being finite, a is 
'repetitive' in the terminology of [4]. This property, which is a particular case of the 
Ramsey theorem, means that there exists n E ifD such that for any Xl, X2, ... ,Xn E S 
there is a factorization fofd2' .. fh+l of the word XlX2' .. Xn with afl = af2' .. = afh' 
So, fl' f2' ... ,fh, considered as elements of S, belong to one and the same Sq. As Sq 
has the property Ph, S has the property Pn. 
The proof for P* is similar. D 
PRoposmON 3. Let S be a semigroup and I be an ideal of s. If I and the Rees 
quotient E = SII have the property P (resp. P*), then S has P (resp. P*). 
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PROOF. We shall prove P* (the proof for P is even simpler). 
Suppose that I has PZ and that E has p:,.. Let us consider the product XlX2 ••• Xn of 
n = km elements of S and its factorization fofl ... fk-l> where 
f,. = Xrm+l ••• X(r+l)m, 0.:;; r':;; k - 1. 
Suppose that for every r there is a permutation a r of {rm + 1, ... , (r + l)m}, that is a 
re-ordering of the x;'s in f,., such that the new product gr belongs to 1. Then by 
performing all the a:s we obtain a product gOgl ... gk-l of k elements of 1. As I has 
PZ, (2) holds for some a and T. 
Suppose now that there exists some r such that for every permutation Jr of 
{rm + 1, ... (r + l)m} we have 
Un = Xn(rm+l) ••• Xn«r+l)m) E SV. 
Then, considering the natural bijection between SV and E\{O}, and recalling that E 
has p:,., we see that there exist two distinct permutations of {rm + 1, ... , (r + l)m} 
which give the same value for the permuted product Un. So (2) holds for some a and T. 
Hence S has P:. 0 
PROPosmON 4. Let m be a positive integer, let Sand D be semigroups and let a be a 
morphism from S into D such that for every d in D we have Card a-led) ':;;m. If D has 
the property P*, then S has P*. 
PROOF. Suppose that D has P;' With p E IP, set n = pk and consider the product 
dld 2 • •• dn of n elements of D. Factorize this product into p factors of length k in the 
d;'s. For each factor there are two different re-orderings which give the same value of 
the product, because D has PZ. Thus there are 2P different ways of ordering {db 
d2 , ••• , dn } which give the same value of the product. Let us take p > log2 m and let 
Xi' 1.:;; i .:;; n = pk, be elements of S. There are 2P > m different ways of ordering these 
elements such that the products have the same image under a. Thus two of these 
products must be equal, and so S has P:. 0 
We shall see later that Proposition 4 does not hold with P* replaced by P. 
Now, let S be a semigroup, let I and J be sets and let P = (Pji) be a J x I matrix with 
entries in S. We recall that the Rees matrix semigroup M = M(S; I, J; P), is the set 
S x I x J with the multiplication law: 
(s, i, j)(t, u, v) = (sPjut, i, v), where s, t E S, i, u E I, j, V E J. 
We have the following: 
PRoposmoN 5. Let M = M(S; I, J; P) be the Rees matrix semigroup over the 
semigroup S with sandwich matrix P = (Pji). Then: 
(a) if S is finite, M has the property P*; 
(b) if I and J are finite and if S has the property P (resp. P*), M has P (resp. P*). 
PROOF. (a) Let Xh = (Sh, ih, jh) be elements of S for h = 1, 2, ... , n. Let a be a 
permutation of {I, 2, ... ,n} fixing 1 and n. Then we have: 
Xo(1~o(2) ••• xo(n) = XlX o (2) ••• Xn = (t, iI, jn) 
for some t E S, depending on a. If (n - 2)! > Card S, two of these t will be the same, 
and so (2) holds for the corresponding a and T. SO M has P*. 
(b) It is well known that M is a (rectangular) band of the semigroups Sij = 
S x {i} x {j}. Moreover; letting p = Pji, Sij is isomorphic to the semigroup (S, 0, p) with 
support set S, and with the law sot = spt for any s, t E S (such semigroups are 
sometimes called variants of S). 
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Clearly, if S has P (resp. P*), (S, 0, p) also has P (resp. P*). Now, if I and J are 
finite we can apply Proposition 0 or Proposition 2 and we are done. 0 
REMARKS. Part (a) is not true with P instead of P*. Take for S the semigroup {O, 1} 
with law 01 = 10 = 00 and 11 = 1, let I = J = IP and let Pji = 1 if i = j + 1 and Pji = 0 
otherwise. Then it is clear that (1) cannot hold if we take 
Xl = (1, 1, 1), X2 = (1, 2, 2), ... , Xn = (1, n, n). 
If we now observe that the rectangular band I x J with law (i, j)(u, v) = (i, v) has P4 
and that the morphism a: M ~ I x J given by a(s, i, j) = (i, j) satisfies Card(a-Ix) = 
Card S for any x in I X J, we deduce that Proposition 4 is not true with P* replaced 
by P. 
Part (b) is not true if I and J are infinite. Take for S the multiplicative structure of IP 
and let 1= J = IP and Pji = a(i, j), where a is an injection from I X J to the set of 
primes. Then, if we take Xl = (1,1, 1), X2 = (1,2,2), ... ,Xn = (1, n, n) it is clear that 
(2) cannot hold. 
By way of conclusion let us mention that the natural question whether the direct 
product of two semigroups having P (or P*) also has P (or P*) remains open. We only 
know that the answer is 'yes' in several instances: when one of the semigroups is finite; 
or satisfies a permutation identity (in particular, is commutative); or is a group; and 
also (for P*) when one of the semigroups is the bicyclic one. 
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